VARIANCE SWAPS PRICING

Mark loffe

Abstract
This article describes potential practical approaches to
volatility swap pricing. We analyze 3 possible pricing methods
based on historic data. First method used historic volatilities,

second method uses implied volatilities and third method uses
direct option prices.

The best way of instrument’s description is example getting. We got example from [1]
Example of a Variance Swap
Bank of America Securities LLC

Indicative Terms
( Discussion Only)

S&P 500 Index Realized Variance Swap
Equity Payer: Bank of America, N.A. (“BofA”)
Equity Receiver: Merrill Lynch International
Trade Date: October 8, 1999
Maturity Date: May 7, 2003
Underlying Index: The Standard & Poor’'s 500 Composite Stock Price Index
Equity Calculations:
(a) “Initial Price” means 0.305

(b) “ Final Price” means the actual realized index Variance defined in accordance with the following formula
and definition:

77

n-2

(c) “Natural Logarithm” means for any Daily Quotient, as determined by the Calculation Agent, the
exponential number which equates 2.718281828 to such Daily Quotient;

(d) “N” means the total number of Valuation Dates;

(e) “Pi” means the closing level of the index on the itch valuation date (i.e.: P, is the closing level of the index
on October 6, 1999, P, is closing level of the index on the first Wednesday that is an Exchange Business
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Day following the Trade Date and Pn is the closing level of the index on the Pinal Valuation Date.

(f) “Valuation Dates” means, commencing on October 6, 1999, and each Wednesday. thereafter up to and
including the Final Valuation Date, and if any such date is not an Exchange Business Day, the next following
day that is an Exchange Business Day, subject to the Market Disruption Events as set forth in the 1996
ISDA Equity Derivatives Definitions.

(g) =! means the summation from i=1to i=n

Notional: 111,230,666

Equity Payment: Notional * [ Final Price? — Initial Price? ]

If the Equity Payment is a positive value, then the Equity Payer pays the Equity Receiver this
value.

If the Equity Payment is a negative value, then the Equity Receiver pays the Equity Payer the
absolute value of this number

Credit Terms: n/a
In aforesaid example asset ( the Standard & Poor’s 500 Composite Stock Price Index) is evaluated every

week
In general case formula for Final Price calculation can be written as
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Where Nyear=number of time interval between adjacent measurement in one year. If we get measurements
every trading days, then Nyear=252, if every week then Nyear=52, if every month then Nyear=12 and the like.
The pricing problem is problem of calculation of Final Price (1).

Because future values P, are unknown stochastic variables obviously the best estimation is discounted
mathematical expectation (1).

For math. expectation calculation we must know the statistical distribution of variables P, i=12....n-1.
As usually, stocks prices and indexes are simulated by continuous diffusion process:

ar(t) _
50 W()dr + 6 ()dW ()

Where

W(t)=Wiener process
() = grift

(1) =volatility

Then by Ito’s formula

A(In(P@) = (LK) — 0.56 Dt + 6 (OAW ()
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(2)

We suppose drift n volatility are constant (classical Black-Sholes model).
! [_j
It follows from (2) variable £ get normal, gauss distribution with math. expectation

2 2
(=056 )1 =1) and variation © UNS and for any i this gauss variables are independent. Based
on this assumptions it follows from (1)

n-1
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(3)

On practice

-1
6T >>(U-05*)" >, 1)
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Therefore
2

2 NG T _ 2
E(FP*)=~ xN,, =0;

(4)
where

&) . -
’=annualized volatility.

Hereinafter we will not distinguish n °

Thus pricing problem reduced to building of algorithm for estimation future value of volatility . One simplest
opportunity is using of historic volatility: as future volatility value we get historic volatility during the same
time interval but in near past. For example, if we want to estimate value on future month today we can use
previous month volatility.

Fig. 1 shows this method results for S&P500 at time interval from February 2001 until November 2005
Fig. 1

Histopic YVolatility Emor S&P500
(2/172001-11/1720056)
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One can see from Fig. 1 that results are not so good, but also are not so bad. The principal defect of using

historic volatility is we don’t use market information about future volatilities. Obviously, option’s prices and

implied volatilities contain this information and can be used for future volatility calculation.

We use option’s prices in the following way. We consider portfolio comprising infinite large amount of Call
dK

and Put options. For strikes lesser than some quantity F we include in portfolio 72 options Put for any

strike K. For strikes more than some quantity F we include in portfolio the same numberoptions Call for any

strike K. This portfolio price Port equals:
I

Port= I%P(k)dk T J'%C(k)dk
I

0

(5)

Where P (k), C (k) —premiums Put n Call, calculated by formulas:

PE)=e"" [(K-S)p(S)dS

C(K) = e"T?(S —~K)p(S)dS

(6)

In formulas (6)
r=risk-free interest rate to expiration
T=time to expiration
P(S)= statistical distribution stock prices
By substituting (6) B (5), we have
Port=e¢" (Pon‘l + Port2)

Tl
Portl = jk—dkj(k ~ p(S)ds

8] 8]

w

Port2 = j—dkj(s K p(8)ds

()

By changing order of integration in (7) we get

k- S
Poritl =

Port2 = j p(S)dS j' udk

(8)

It follows from (8)

Fort = e-rTJ' p(ﬂjciﬂ'f%gdk = e-rTJ' P -1 +§- Laf Snds
0 = 0

(9)

Because p(S)= probability density formula (9) can be written as
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Port =T (Ln{F) -1+ Ef’:) - | p(S) Ln(S)is)
(10)
Where

E(S)=math. expectation S at expiration time
Until now we did no assumptions about statistical distribution stock prices (index). Now we suppose stock
price (index) are simulated by continuous diffusion process

ds(r) _
O

(r— g)dt +odiV (1)

(11)

where

W(t)=Wiener process

r=interest rate

g=dividend yield

o=volatility

It follows from (11) that variable S is log-normal variant and its math. expectation equals
E(S)=S,e" "

(12)

Also, it follows from (11) that integral in (10) is math. expectation of corresponding normal variable, i.e.

TP(S)LH(S S = In(Sy )+ (r— )T - 0.56 °T
1]

(13)

where
S0=today stock price

By substituting (12) n (13) into (9) we get
7 & gl
Port = Q*T(Ln(g—)— 1+”T— (r—g)T+0.53*T)

1]
(14)

Using (14) we can calculate variance through portfolio value:
(r-gif

2 2 ¥ SEI 0
0 =—(e " Fort+1+ml—)———+ (r—ag)T
T( (F) = (r—qiT)

(15)

Obviously, portfolio value (5) can be calculated only by using some numerical integration method.
Unfortunately, on practice we have very limited amount of traded options with non zero trade volumes.
For example, consider Table 1 of delayed quotes options with expiration time March 2006 (website CBOE)
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Table 1

SPX (CBOE) 1271.11 +9.02
Dec 06 2005 @ 14:52 ET (Data 15 Minutes Delayed)
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We see a small number of options with non zero volume. But basic idea of method composition portfolio
comprising Call and Put options with some weights and using this portfolio for future variance estimation
can be realized for example by following way. Based on Table 1 data we include in portfolio all Call and Put
options with weights proportional to trade volume. If option is not trading then volume is zero and this option
is absent in portfolio.

After calculating portfolio price we calculate implied volatility. For implied volatility calculation we use Black-
Sholes formula and suppose that all options have the same volatility. For Table 1 data calculated by this
method future volatility equals 13.888%.

Along with described method in which for estimation we build portfolio and calculate for this portfolio implied
volatility we can consider other method in which input data are implied volatilities, calculated separately for
each option with weights proportional to trade volume.

Using this data we calculate weighted average value. For Table 1 weighted average value equals
17.72453%

Summary

We analyzed 3 potential practical estimation of future volatility or variance method.

In first method we use direct historic spot prices for calculation interesting us parameter ( variance or
volatilities) and make forecast future values based on historic values.

In second method we use traded options quotas, build portfolio comprised Call and Put options with some
weights and for this portfolio calculate implied volatility.

Finally, in third method we use as input implied volatilities and traded volumes options and calculate
weighted average value.

We also can combine all 3 methods by calculating weighted average value. Weights can be determined by
back testing.
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