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Mark Ioffe

Static Hedging of Barrier Options.

Abstract

Static Hedging of Barrier Options called barrier's options replication by vanilla Call, Put and Digital. Possibility of barrier's options replication by vanilla Call and Put is based on the fact that knowing the theoretical prices barrier's options for multiple strikes, we can estimate the density distribution of Asset and use this to find the corresponding portfolio of vanilla Call, Put and Digital. In Black-Scholes environment we show how to calculate weights of portfolio options and use derived formulas in spreadsheet for 6 barrier options: Call-In-Down, Call-In-Up, Put-In-Down, Put-In-Up, Touch-In-Down, Touch-In-Up.
In Black-Scholes environment European option’s price Pr equals:
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where,

rd-domestic interest rate,

t- time to expiration,

f(s)-intrinsic value function of underlying asset,

p(s)-density of distribution values of underlying asset,



    (2)

rf- foreign interest rate,



- volatility,

W(t)-Gauss-Winer process.

Let


[image: image2.wmf]s

)

(

)

(

0

s

Ln

s

Ln

x

-

=

                     (3).


[image: image3.wmf]rdt

e

D

-

=

                      (4)

Where s0-today (spot) price 
Then,



     (5)

For vanilla options Call and Put
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where’

K-strike


               (7)

In what follows we analyze as instance the case of the so-called “down” barriers options, the case when the spot price more than barrier. Extension to other cases, there is not difficulty.
For options with barrier H “in” densities of distribution values of underlying asset are:
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For options with barrier H “out” 



(9)

where,



     (10)
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It is easy to show, that for any intrinsic values functions



      (12)

From (5), (8), (9) (12) it follows, that for “in” and “out” barrier options



                                           (13)

where



  (14)
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From (3), (11), (14),(15) it follows ,that
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Next we will analyze only vanilla barrier options, i.e.
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Formulas (16),(17),(18) allows to reduce options  price calculation for barrier options to options  price calculation for portfolio of vanilla options : call, put and digital.. Let C(k),P(k), Dic(b), Dip(b)-call, put, digital options prices, k-strike price ,b-bound

Then






        (19)







where












                (20)

Let portfolio Pc contains only call options, that is



 (21)

From (20) follows, that function f(s) for that case equals:
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Because
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where   

-Dirak function,
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A similar formulas with the replacement function   fcall(k,s) on fput(k,s) valid for Put option.

Next we will analyze only “in” options because “out” options can be reduced to “in”, because summa “in” and “out” options equals vanilla options. Accordingly (22) and (16)
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There are 2 cases : H>K and H<K.  In first case H>K  the function is f(s) continuous everywhere except at the point s=H. At this point the discontinuous jump is 2(H-K).

The first derivative of the function f(s) is continuous everywhere except at point s=K.  At this point the discontinuous jump is 1.

The second derivative of the function f(s) equals
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Possibility of barrier's options replication by vanilla Call and Put is based on the fact that knowing the prices barrier's options for multiple strikes, we can estimate the density distribution of Asset and use this to find the corresponding portfolio of vanilla Call , Put and Digital. Obviously, for Call is important values of density distribution for values of Asset more than some bound, for Put lesser than some bound. In our case because fin(s)=0 if s>H (see (16)), we must use only Put.
The portfolio of Put options that replicates barrier in Call option in this case accordingly (21) and (25) equals:
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Where P(K) is European option price calculated by Black-Sholes formulas:
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Accordingly (27) value 
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To calculate the integral in the formula (26) we use the Richardson’s method. Accordingly this method
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Thus
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As follows from formulas (26),(27),(28),(30) in case H>K  (barrier more than strike)  barrier Call can be replicate as a portfolio consisting of 1 vanilla Put with strike K,  2(H-K) digital Put with bound H and 2m vanilla Put with strikes K(i) and weights W(i).

In second case H<K the function is f(s) continuous everywhere . The first derivative of the function f(s) is continuous everywhere except at point 
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The portfolio of Put options that replicates barrier in Call option in this case accordingly (21) and (31) equals:
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To calculate the integral in the formula (32) we as above use the Richardson’s method, i.e. formulas analogous (30). As follows from formula (32) in case H<K  (barrier lesser than strike)  barrier Call can be replicate as a portfolio consisting of 
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 vanilla Put with strike 
[image: image27.wmf]K

H

2

,  and 2m vanilla Put with strikes K(i) and weights W(i).

We implemented the above-described approach in the spreadsheet STATHEDGENEW.xls. 
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To use the calculator please select the “Low” security level in Macro settings.
(see Fig .1)

Input parameters in spreadsheet:

	today

	premium payment date

	expiration date

	value date

	

	foreign rate %

	interest rate %

	Volatility    %

	Underlying Instrument Price

	Strike Price

	 barrier

	n-number of nodes for numerical integration


Output parameters in spreadsheet:

Fig. 1
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Sheet1

																								call-in-down

																								call-in-up

																								put-in-down

																								put-in-up

																								touch-in-down

																		0ptions						touch-in-up		5

												Portfolio

		today		10/26/09

		premium payment date		10/28/09						Options		Strike		Amount		Price		Premium

		expiration date		1/28/10						Put		1.4074804687		0.0336330649		9.78E-05		3.29E-06

		value date		1/29/10						Put		1.4277954102		0.1395469376		2.08E-04		2.90E-05

										Put		1.4481103516		0.0723368573		0.000416525		3.01E-05

		foreign rate		5.56						Put		1.468425293		0.1499134714		0.0007917934		1.19E-04

		interest rate		3						Put		1.4887402344		0.0776335414		1.43E-03		1.11E-04

		Volatility		12						Put		1.5090551758		0.1607354184		2.46E-03		3.96E-04

		Underlying Instrument Price		1.67						Put		1.5293701172		0.0831596713		0.0040531611		3.37E-04

		Strike Price		1.67						Put		1.5496850586		0.1720197148		0.0063924946		0.0010996351

		barrier		1.57						Put		1.57		0.0444593472		0.0096884017		0.00043074

		n		5						Put		1.57		-2.9005128671		0.0096884017		-0.0281013339

		kmax		1.57						Digital P		1.57		2		0.1892249519		0.3784499039

		kmin		1.4074804687						Summa								0.3529040311

		p		4.5538052014						Premium								0.3529149586

		theta		1.55E-04

				0.0031084874

		put		0.0457954245

		call		0.0349119004

		knockcalldownout		0.0341793315

		knockcalldownin		0.3529149586
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