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Mark Ioffe

About Hedge and Delta-Hedging
Abstract

Delta-hedging is based on the necessity and possibility of calculating the coefficient of sensitivity option price to the stock’s price (delta). Obviously, to calculate the delta requires a model that describes the option price (Black-Sholes). Meanwhile, for the same model can suggest another method to hedge, i.e., reduce the risk of adverse stock’s price movements. Below we consider one of these possible methods of hedging.
Below is a quote from Investopedia, describing the delta-hedging.

“What Does Delta Hedging Mean?
An options strategy that aims to reduce (hedge) the risk associated with price movements in the underlying asset by offsetting long and short positions. For example, a long call position may be delta hedged by shorting the underlying stock. This strategy is based on the change in premium (price of option) caused by a change in the price of the underlying security. The change in premium for each basis-point change in price of the underlying is the delta and the relationship between the two movements is the hedge ratio.”
But what is written there on the same hedge.

“What Does Hedge Mean?
Making an investment to reduce the risk of adverse price movements in an asset. Normally, a hedge consists of taking an offsetting position in a related security, such as a futures contract.”
It is clear that delta hedging is a special case of hedging used in options trading. So you can imagine that in the case of options are possible other types of hedging than delta hedging.
Possibility of delta hedging based on the fact that we know at the time of hedging, or assume that we know how the premium option changing by price’s stock, on which is written the option. By definition, the delta is the ratio of small changes in the price of an option to a small change in the stock’s price, or the limit of this ratio, when the change in the stock’s price run-off to zero. In practice, the calculation of the delta is carried out as follows. It is assumed that at the expiration time we know the probability distribution of the stock’s price. In accordance with the hypothesis of Black-Sholes the distribution is log-normal distribution and density p (S) equals
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Where

S0-today stock’s price
rd-interest rate

rf-dividend rate

σ-volatility

t-time to expiration

It is assumed that the fair option price is discounted mat. expectations of the functions of payment, i.e. for the European Call and Put, we have 
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Also, it is considered that the delta is the partial derivative of option price by the current stock’s price. From (2) implies that for European options


[image: image3.wmf]t

r

t

r

t

r

t

r

f

f

f

f

e

DeltaC

u

Lp

e

u

Lp

e

DeltaP

u

Lp

e

DeltaC

-

-

-

-

-

=

-

-

=

-

-

=

=

))

(

1

(

)

(

)

(


(3)

For American options for calculating the fair prices and deltas the numerical difference scheme is used, but the results of calculations close to the results for European options.

From a mathematical point of view of the above method of calculating the delta is incorrect. Indeed, option prices and sinks are random variables. Consequently, their increments and, accordingly, the ratio of increments is also random variables.
There naturally question of how well calculated by above method's delta approximates the actual ratio of the increments in prices. Comparison of actual and theoretical values of the delta can be done on the data provided on the site www.ivolatility.com.Under the actual values we mean the ratio of increments in prices of options to price increments of stocks. In accordance with the definition of delta measured in the number of stocks. We assume that delta hedging is carried out by us so that we are in a certain period of time each day in accordance with the closing price sell the option and hedging it by buying corresponding to the calculated value of the delta certain amount of stocks.
Ideally, if we could know the exact relationship between the option and stock price's increments above hedging method would have led to the fact that our revenue, as well as the loss was equal to zero. This actually is the idea of delta-hedging. Because the real changes in prices do not match ideally there is an error delta-hedging. As a measure of error we consider the percentage ratio of the difference between the accumulated theoretical and practical value of the delta to the actual accumulated value of the delta.

As example we show in TABLE1 data about options of 5 stocks: MSFT, GOOG, GE, CSCO, GS for time from 8/3/2009 until 8/31/2009.

TABLE1

	MSFT
	
	GOOG
	
	GE
	
	CSCO
	
	GS
	

	Options
	Error%
	Options
	Error%
	Options
	Error%
	Options
	Error%
	Options
	Error%

	MSQIQ
	9.7
	GOPIH
	5.81
	GEWIM
	4.91
	CYQIL
	9.11
	GPYIL
	1.85

	MSQUQ
	36.02
	GOPUH
	14.92
	GEWUM
	34.98
	CYQUL
	2.94
	GPYUL
	7.72

	MSQID
	0.86
	GOPIJ
	4.93
	GEWIN
	5.93
	CYQIM
	11.56
	GPYIM
	5.69

	MSQUD
	21.33
	GOPUJ
	5.5
	GEWUN
	31.74
	CYQUM
	1.49
	GPYUM
	3.95

	MSQIE
	12.24
	GOPIL
	7.84
	GEWIH
	20.31
	CYQIN
	37.71
	GPYIN
	10.35

	MSQUE
	24.89
	GOPUL
	8.5
	GEWUH
	9.87
	CYQUN
	3.64
	GPYUN
	0.71

	MSQJQ
	10.2
	GOPLH
	11.24
	GEWLM
	20.69
	CYQJZ
	1.71
	GPYJL
	0.95

	MSQVQ
	65.93
	GOPXH
	16.9
	GEWXM
	0.63
	CYQVZ
	2.11
	GPYVL
	8.47

	MSQJD
	14.99
	GOPLJ
	15
	GEWLN
	33.21
	CYQJX
	3.85
	GPYJM
	4.31

	MSQVD
	50.38
	GOPXJ
	14.44
	GEWXN
	22.47
	CYQVX
	1.16
	GPYVM
	5.11

	MSQJE
	17.26
	GOPLL
	13.42
	GEWLH
	68.73
	CYQJN
	10.83
	GPYJN
	9.14

	MSQVE
	39
	GOPXL
	9.07
	GEWXH
	21.58
	CYQVN
	0.87
	GPYVN
	0.91

	MSQAS
	17.74
	GOPAH
	9.09
	GEWAV
	5.99
	CYQAZ
	3.81
	GPYAL
	8.76

	MSQMS
	66.75
	GOPMH
	11.62
	GEWMV
	2.31
	CYQMZ
	3.59
	GPYML
	1.1

	MSQAD
	23.8
	GOPAJ
	9.74
	GEWAN
	23.68
	CYQAX
	7.16
	GPYAM
	10.37

	MSQMD
	53.77
	GOPMJ
	12.46
	GEWMN
	24.42
	CYQMX
	5.01
	GPYMM
	1.5

	MSQAE
	30.42
	GOPAL
	15.65
	GEWAH
	28.37
	CYQAN
	10.95
	GPYAN
	13.63

	MSQME
	45.97
	GOPML
	6.37
	GEWMH
	30.94
	CYQMN
	4.03
	GPYMN
	1.44

	VMFAX
	50.22
	GOPCH
	8.96
	GEWCM
	30.74
	VYCAD
	1.95
	VSDAL
	26.77

	VMFMX
	165.17
	GOPOH
	0.87
	GEWOM
	51.66
	VYCMD
	9.64
	VSDML
	9.53

	VMFAE
	112.12
	GOPCJ
	6.76
	GEWCN
	21.98
	VYCAX
	4.57
	VSDAM
	23.59

	VMFME
	168.99
	GOPOJ
	13.19
	GEWON
	36.7
	VYCMX
	2.12
	VSDMM
	18.67

	VMFAY
	118.15
	GOPCL
	4.25
	GEWCH
	48.82
	VYCAE
	0.36
	VSDAN
	25.88

	VMFMY
	105.94
	GOPOL
	13.21
	GEWOH
	22.16
	VYCME
	6.61
	VSDMN
	20.97

	
	
	OUPAH
	2.36
	VGEAB
	7.35
	
	
	
	

	
	
	OUPMH
	27.64
	VGEMB
	3.98
	
	
	
	

	
	
	OUPAV
	12.24
	VGEAV
	69.63
	
	
	
	

	
	
	OUPMV
	31.23
	VGEMV
	16.66
	
	
	
	

	
	
	OUPAL
	6.35
	VGEAC
	5.72
	
	
	
	

	
	
	OUPML
	45.78
	VGEMC
	5.98
	
	
	
	


As follows from TABLE1, percentage error may reach in some cases very large quantities.
Delta-hedging is based on the necessity and possibility of calculating the coefficient of sensitivity option price to the stock’s price (delta). Obviously, to calculate the delta requires a model that describes the option price (Black-Sholes). Meanwhile, for the same model can suggest another method to hedge, i.e., reduce the risk of adverse stock’s price movements. Consider this method of example, when we sell an option Call and to avoid unnecessary risks associated with the possibility of increasing the stock’s price, buy some stock’s shares. Obviously, for hedging, we do not need to buy more than one share for one option. Delta-hedging requires us to buy exactly the delta shares, and the value of delta is calculated using the Black- Sholes. It seems more reasonable is the approach in which the purchased quantity of shares is determined by the likelihood that our losses will not exceed a certain value. Our portfolio in this case at the initial moment consists of cash in an amount equal to the difference of the sold price C0 Call option and purchased at the price of S0 n shares, as well as the option and stocks, which  value change over time. Portfolio price P, if we ignore discounting, depends only on the stock’s price S. At the expiration time option, if the stock’s price exceeds the strike price K, we are obliged to deliver the share at a price equal to the strike. Thus, we need to spend (1-n) S cash, and the change in cash equal to the K-(1-n) S. If stock’s the price S does not exceed strike K, the option will be worthless, we are left with n shares, or nS cash.

Thus, the change in the portfolio is described by the equation:
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The likelihood (probability) that the change (loss) in the portfolio will be lesser than a certain value P0 is equal:
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To calculate the probability we use the Black-Sholes hypothesis, that is the fact that the value of S is a log-normal distribution and density is described by (1). Cumulative distribution function of S in accordance with (1) equals
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It follows from (5) и (6) for 0<n<1
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If n=0 then
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If n=1 then
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Excel function probab(P0,n,S0,K,rd, rf,sigma,t) calculates that the change (loss) in the portfolio will be lesser than a certain value P0 for given n,S0,K,rd, rf,sigma,t. We can use this function in different ways. For example, for given S0,K,rd, rf,sigma,t  and P0 we can build so called Hedge characteristics: chart of probability as function of n.  Value of P0 we define as fraction of stock’s price S0. We implemented this method in the spreadsheet Hedge.xls. (see Fig .1)
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Fig. 1
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